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ÀËÃÎÐÈÒÌ LDU-ÐÀÇËÎÆÅÍÈß È ÏÐÈÌÅÐ

c© Ã.È. Ìàëàøîíîê, À.Ñ. Ùåðáèíèí

Êëþ÷åâûå ñëîâà: ôàêòîðèçàöèÿ ìàòðèöû; ðåêóðñèâíûé áëî÷íûé àëãîðèòì; êîììó-

òàòèâíàÿ îáëàñòü.

Ðàññìàòðèâàåòñÿ äåòåðìèíèñòñêèé ðåêóðñèâíûé àëãîðèòì òðåóãîëüíîãî ðàçëîæå-

íèÿ ìàòðèö íàä êîììóòàòèâíûìè îáëàñòÿìè. Ïî ÷èñëó êîëüöåâûõ îïåðàöèé àëãî-

ðèòì èìååò òàêóþ æå ñëîæíîñòü, êàê è ìàòðè÷íîå óìíîæåíèå. Íà ïðèìåðå ïðèâî-

äÿòñÿ ýòàïû ðàçëîæåíèÿ ìàòðèöû âîñüìîãî ïîðÿäêà.

1 Ââåäåíèå

Ïóñòü R � êîììóòàòèâíàÿ îáëàñòü, A = (ai,j) ∈ Rn×n � ìàòðèöà ïîðÿäêà n , αki,j � ýòî
ìèíîð ðàçìåðà k×k ìàòðèöû A, êîòîðûé ðàñïîëîæåí íà ïåðåñå÷åíèè ñòðîê 1, 2, . . . , k−
1, i è ñòîëáöîâ 1, 2, . . . , k − 1, j äëÿ âñåõ öåëûõ i, j, k ∈ {1, . . . , n} . Îáîçíà÷èì α0 = 1 è
αk = αkk,k äëÿ âñåõ äèàãîíàëüíûõ ìèíîðîâ ( 1 6 k 6 n ). Èñïîëüçóåì îáîçíà÷åíèå δij äëÿ
äåëüòà-ñèìâîëà Êðîíåêåðà.

Òåîðåìà (ñì. [1�2]).
Ïóñòü ìàòðèöà A = (ai,j) èìååò ðàíã r , r 6 n è αs 6= 0 äëÿ s = 1, 2, . . . , r òîãäà

ìàòðèöà A áóäåò ðàâíà ïðîèçâåäåíèþ ñëåäóþùèõ òðåõ ìàòðèö :

A = (aji,j)(δijα
i−1αi)−1(aii,j).

Ìàòðèöà L = (aji,j) � ýòî íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà ðàçìåðà n× r , ìàòðèöà U =
(aii,j) � ýòî âåðõíåòðåóãîëüíàÿ ìàòðèöà ðàçìåðà r×n , è D = (δijα

i−1αi)−1 � äèàãîíàëüíàÿ
ìàòðèöà ðàçìåðà r × r .

Äëÿ ëþáîé ìàòðèöû A áóäåì îáîçíà÷àòü Ai1,i2j1,j2
åå áëîê, êîòîðûé íàõîäèòñÿ íà ïåðåñå-

÷åíèè ñòðîê i1 + 1, . . . , i2 è ñòîëáöîâ j1 + 1, . . . , j2 . È áóäåì îáîçíà÷àòü Ai1i2 äèàãîíàëüíûé

áëîê Ai1,i2i1,i2
.

Òîãäà â áëî÷íîé ôîðìå LDU ðàçëîæåíèå ìîæåò áûòü çàïèñàíî òàê [1�4]:[
A0
k A0,k

k,n

Ak,n0,k Akn

]
=

[
L0
k 0

Lk,n0,k Lk,nk,r

] [
D0
k 0

0 Dk
r

][
U0
k U0,k

k,n

0 Uk,r
k,n

]
.

Ïóñòü Akn = (αk+1
i,j ) ìàòðèöà ðàçìåðà (n − k) × (n − k) ñ ýëåìåíòàìè αk+1

i,j , i, j = k +
1, . . . , n− 1, n, è A0

n = (α1
i,j) = A .



Òîãäà ìàòðèöà Akn òàêæå çàïèñûâàåòñÿ â âèäå LDU ðàçëîæåíèÿ â áëî÷íîé ôîðìå

Akn = LknD
k
nU

k
n =

[
Lks 0
Ls,nk,s Ls,ns,r

] [
Dk
s 0

0 Ds
r

] [
Uk
s Uk,s

s,n

0 U s,r
s,n

]
.

Ìû áóäåì âû÷èñëÿòü LDU ðàçëîæåíèå, èñïîëüçóÿ áëî÷íûé ðåêóðñèâíûé àëãîðèòì.

2 Àëãîðèòì

Âõîäíûå äàííûå � ýòî ìàòðèöà Akn è îïðåäåëèòåëü αk ( 0 6 k < n ), α0 = 1 .
Ðåçóëüòàòîì âû÷èñëåíèé ÿâëÿþòñÿ òðè ìàòðèöû Lkn = (aji,j) , D

k
n = αk(δijα

iαi−1)−1 , Uk
n =

(aii,j) , êîòîðûå äàþò ðàçëîæåíèå ìàòðèöû Akn . Êðîìå òîãî, âû÷èñëÿþòñÿ äîïîëíèòåëüíî
åùå äâå ìàòðèöû Mk

n è W k
n , êîòîðûå èñïîëüçóþòñÿ íà ñëåäóþùåì øàãå.

Öåëûå ÷èñëà k è s äîëæíû óäîâëåòâîðÿòü íåðàâåíñòâó 0 6 k < s 6 n . Åñëè ïðè-
ìåíèòü àëãîðèòì ê ìàòðèöå A = A0

n è ÷èñëó α0 = 1 , òî â ðåçóëüòàòå áóäåò âû÷èñëåíî
ðàçëîæåíèå ìàòðèöû A : A = LDU .

Input: (Akn, αk ), 0 6 k < n .
Output: {Lkn, {αk+1, αk+2, . . . , αn}, Uk

n ,M
k
n ,W

k
n} ,

ãäå Dk
n = αkdiag{αkαk+1, . . . , αn−1αn}−1 , Mk

n = (LknD
k
n)−1, W k

n = (Dk
nU

k
n)−1 .

1. Åñëè k = n− 1 , An−1n = (an) ìàòðèöà ïåðâîãî ïîðÿäêà, òîãäà ïîëó÷èì
{ an, {an}, an, an−1, an−1 }.

2. Åñëè k = n− 2 , An−2n =

[
αn−1 β
γ δ

]
ìàòðèöà âòîðîãî ïîðÿäêà, ïîëó÷èì{[

αn−1 0
γ αn

]
, {αn−1, αn},

[
αn−1 β

0 αn

]
,

[
1 0
−γ αn−1

]
,

[
1 −β
0 αn−1

]}
,

ãäå αn = (αn−2)
−1
∣∣∣∣ αn−1 β

γ δ

∣∣∣∣ .
3. Åñëè ïîðÿäîê ìàòðèöû Akn áîëüøå äâóõ ( 0 6 k < n − 2 ), âûáåðåì öåëîå ÷èñëî s â
èíòåðâàëå (k < s < n) è ðàçäåëèì ìàòðèöó íà áëîêè

Akn =

[
Aks B
C D

]
.

3.1. Ïåðâûé ðåêóðñèâíûé øàã
{Lks , {αk+1, αk+2, . . . , αs}, Uk

s ,M
k
s , W

k
s } = LDU(Aks , αk )

.
3.2. Âû÷èñëèì ìàòðèöû

Uk,s
s,n = Mk

sB, Ls,nk,s = CW k
s ,

Asn = (αk)−1αs(D− Ls,nk,sD
k
sU

k,s
s,n).

3.3. Âòîðîé ðåêóðñèâíûé øàã
{Lsn, {αs+1, αs+2, . . . , αn}, U s

n,M
s
n, W

s
n} = LDU (Asn, αs).

3.4 Ðåçóëüòàò
{Lkn, {αk+1, αk+2, . . . , αn}, Uk

n ,M
k
n ,W

k
n},



Lkn =

[
Lks 0
Ls,nk,s Lsn

]
, Uk

n =

[
Uk
s Uk,s

s,n

0 U s
n

]
,

Mk
n =

[
Mk

s 0
−α−1k M s

nL
s,n
k,sD

k
sM

k
s M s

n

]
,W k

n =

[
W k
s −α−1k W k

sD
k
sU

k,s
s,nW

s
n

0 W s
n

]
.

3 Ïðèìåð

Input: {A,α0} , α0 = 1 , A =



7 −2 6 0 3 −9 −8 9
−4 0 0 9 6 0 3 5
6 0 7 −4 −4 −2 −3 6
3 8 0 2 0 −3 −2 −4
2 0 −7 0 −3 0 8 −5
0 0 0 6 1 7 0 0
−5 1 −3 −8 6 0 −5 0
3 0 −3 0 0 −8 0 −5


=

[
A4

0 B
C D

]
,

Output: {L0
8, {α1, α2, . . . , α8}, U0

8 ,M
0
8 ,W

0
8 } , D8

0 = α0Diag
−1{α0α1, . . . , α7α8} .

3.1

Input: {A0
4, α0} , α0 = 1 , A0

4 =


7 −2 6 0
−4 0 0 9
6 0 7 −4
3 8 0 2

 =

[
A2

0 B′

C′ D′

]
,

Output: {L0
4, {α1, . . . , α4}, U0

4 ,M
0
4 ,W

0
4 } , D4

0 = α0Diag
−1{α0α1, . . . , α3α4} .

3.1.1

Input: {A0
2, α0} , α0 = 1 , A0

2 =

[
7 −2
−4 0

]
, Output: {L0

2, {α1, α2}, U0
2 ,M

0
2 ,W

0
2 } ,

{α1, α2} = {7,−8} , D0
2 = α0Diag{α0α1, α1α2}−1 = Diag{1/7,−1/56} ,

L0
2 =

[
7 0
−4 −8

]
, U0

2 =

[
7 −2
0 −8

]
, M0

2 =

[
1 0
4 7

]
, W 0

2 =

[
1 2
0 7

]
.

3.1.2

α2 = −8 , L̃′ = α−10 C′W 0
2 =

[
6 12
3 62

]
, Ũ ′ = α−10 M0

2B
′ =

[
6 0
24 63

]
,

A2
4 =

α2

α0
(D′ − L̃′D0

2Ũ
′) =

[
−56 −76
−192 −574

]
.

3.1.3

Input: {A2
4, α2} , Output: {L2

4, {α3, α4}, U2
4 ,M

2
4 ,W

2
4 } ,

{α3, α4} = {−56,−2194} , D2
4 = α2Diag{α2α3, α3α4}−1 = Diag{−1/56,−1/15358} ,

L2
4 =

[
−56 0
−192 −2194

]
, U2

4 =

[
−56 −76
0 −2194

]
, M2

4 =

[
−8 0
−192 −56

]
, W 2

4 =

[
−8 76
0 −56

]
.



3.1.4

{α1, α2, α3, α4} = {7,−8,−56,−2194} , D0
4 = Diag{1/7,−1/56, 1/448, 1/122864} ,

W̃ ′ = −W 0
2D

0
2Ũ
′W 2

4 /α0 =

[
0 −126
−24 −213

]
, M̃ ′ = −M2

4 L̃
′D0

2M
0
2 /α0 =

[
0 −12
−224 −146

]
,

L0
4 =

[
L0
2 0

L̃′ L2
4

]
=


7 0 0 0
−4 −8 0 0
6 12 −56 0
3 62 −192 −2194

 , U0
4 =

[
U0
2 Ũ ′

0 U2
4

]
=


7 −2 6 0
0 −8 24 63
0 0 −56 −76
0 0 0 −2194

 ,

M0
4 =

[
M0

2 0

M̃ ′ M2
4

]
=


1 0 0 0
4 7 0 0
0 −12 −8 0
−224 −146 192 −56

 , W 0
4 =

[
W 0

2 W̃ ′

0 W 2
4

]
=


1 2 0 −126
0 7 −24 −213
0 0 −8 76
0 0 0 −56

 .

3.2

L̃ = α−10 CW 0
4 =


2 4 56 −784
0 0 0 −336
−5 −3 0 637
3 6 24 −606

 , Ũ = α−10 M0
4B =


3 −9 −8 9
54 −36 −11 71
−40 16 −12 −108
−2316 1800 890 −1370

 ,

α4 = −2194 , A4
8 =

α4

α0
(D− L̃D0

4Ũ) =


21454 −20812 −36594 −4954
11702 −26158 −5340 8220
−37863 30348 32338 −21343
10488 −46 −15978 4874

 =

[
A6

4 B′′

C′′ D′′

]
.

3.3

Input: {A4
8, α4} , Output: {L4

8, {α5, α6, α7, α8}, U4
8 ,M

4
8 ,W

4
8 } .

D4
8 = α4Diag

−1{α4α5, α5α6, α6α7, α7α8} .

3.3.1

Input: {A4
6, α4} , Output: {L4

6, {α5, α6}, U4
6 ,M

4
6 ,W

4
6 } , A4

6 =

[
21454 −20812
11702 −26158

]
,

{α5, α6} = {21454, 144782} , D4
6 = α4Diag{α4α5, α5α6}−1 = Diag{1/2145,−1097/1553076514} ,

L4
6 =

[
21454 0
11702 144782

]
, U4

6 =

[
21454 −20812
0 144782

]
,

M4
6 =

[
−2194 0
−11702 21454

]
, W 4

6 =

[
−2194 20812

0 21454

]
.

3.3.2

L̃′′ = α−14 C′′W 4
6 =

[
−37863 62406
10488 −99038

]
, Ũ ′′ = α−14 M4

6B
′′ =

[
−36594 −4954
−142962 −106802

]
,

α6 = 144782 , A6
8 =

α6

α4
(D′′ − L̃′′D4

6Ũ
′′) =

[
2543683 2296046
−786084 −974480

]
.

3.3.3

Input: {A6
8, α6} , Output: {L6

8, {α7α8}, U6
8 ,M

6
8 ,W

6
8 } , {α7, α8} = {2543683,−4654468} ,

D6
8 = α6Diag{α6α7, α7α8}−1 = Diag{1/2543683,−72391/5919745562822} ,



L6
8 =

[
2543683 0
−786084 −4654468

]
, U6

8 =

[
2543683 2296046

0 −4654468

]
,

M6
8 =

[
144782 0
786084 2543683

]
, W 6

8 =

[
144782 −2296046

0 2543683

]
.

3.3.4

{α5, α6, α7, α8} = {21454, 144782, 2543683,−4654468} ,
D4

8 = Diag{1/21454,−1097/1553076514,−1097/184139756053, 1097/5919745562822} ,

W̃ ′′ =
−W 4

6D
4
6Ũ

′′W 6
8

α4
=

[
385638 −3708067
142962 −390773

]
, M̃ ′′ =

−M6
8 L̃

′′D4
6M

4
6

α4
=

[
289557 −62406
−620453 1401175

]
,

L4
8 =

[
L4
6 0

L̃′′ L6
8

]
=


21454 0 0 0
11702 144782 0 0
−37863 62406 2543683 0
10488 −99038 −786084 −4654468

 , M4
8 =

[
M4

6 0

M̃ ′′ M6
8

]
,

U4
8 =

[
U4
6 Ũ ′′

0 U6
8

]
=


21454 −20812 −36594 −4954
0 144782 −142962 −106802
0 0 2543683 2296046
0 0 0 −4654468

 , W 4
8 =

[
W 4

6 W̃ ′′

0 W 6
8

]
.

3.4

{α1, α2, α3, α4, α5, α6, α7, α8} = {7,−8,−56,−2194, 21454, 144782, 2543683,−4654468} ,
D0

8 = α0Diag{α0α1, · · · , α7α8}−1 =
Diag{7,−56, 448, 122864,−47070076, 3106153028, 368279512106,−11839491125644}−1 ,

L0
8 =

[
L0
4 0

L̃ L4
8

]
=



7 0 0 0 0 0 0 0
−4 −8 0 0 0 0 0 0
6 12 −56 0 0 0 0 0
3 62 −192 −2194 0 0 0 0
2 4 56 −784 21454 0 0 0
0 0 0 −336 11702 144782 0 0
−5 −3 0 637 −37863 62406 2543683 0
3 6 24 −606 10488 −99038 −786084 −4654468


,

U0
8 =

[
U0
4 Ũ
0 U4

8

]
=



7 −2 6 0 3 −9 −8 9
0 −8 24 63 54 −36 −11 71
0 0 −56 −76 −40 16 −12 −108
0 0 0 −2194 −2316 1800 890 −1370
0 0 0 0 21454 −20812 −36594 −4954
0 0 0 0 0 144782 −142962 −106802
0 0 0 0 0 0 2543683 2296046
0 0 0 0 0 0 0 −4654468


.
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Malaschonok G.I., Scherbinin A.S. ALGORITHM OF LDU-DECOMPOSITION AND EXAMPLE.

Deterministic recursive algorithm of matrix triangular decomposition over commutative domains

is considered. The algorithm has the same complexity as the algorithm of matrix multiplication by the

number of operations in the ring. Stages of decomposition of the matrix of the eighth order given in

the example.

Key words: matrix factorization, block recursive algorithm, commutative domain.


